We investigate quark Wigner distributions in a light-cone spectator model. Both the scalar and the axial-vector spectators are included. The light-cone wave functions are derived from effective quark-spectator-nucleon vertex and then generalized by adjusting the power of energy denominators. The gauge link is taken into account by introducing relative phases to the light-cone amplitudes, and the phases are estimated from one gluon exchange interactions. The mixing distributions, which describe the correlation between transverse coordinate and transverse momentum and represent quark orbital motions, are calculated from the Wigner distributions. We find both u quark and d quark have positive orbital angular momentum in a polarized proton at small x region, but a sign change is observed at large x region for the d quark. Besides, some model relations between Wigner distributions with different polarization configurations are found.
I. INTRODUCTION
Hadrons are bound states of strong interactions which are described by quantum chromodynamics (QCD) in the framework of Yang-Mills gauge theory. Due to the nonperturbative nature of QCD at low energy scale, it is almost impossible to calculate all the properties of hadrons directly from QCD at present. One of the main goals of particle physics is to unravel the quark and gluon structure of hadrons, and it is necessary to investigate the structure of nucleons in details since most experiments on particle physics are based on proton and nucleus beams or targets. The parton model formulated by Feynman and formalized by Bjorken and Paschos [1, 2] was proved successful in explaining the high energy hadronic scattering experiments. Based on the parton model and factorizations [3] , parton distribution functions (PDFs) are defined as general process independent functions to describe the light-cone longitudinal momentum fraction carried by each flavor of partons. The PDFs play an important role in analyzing the data from high energy hadronic scatterings. With experimental techniques of polarizing targets and beams, one is able to get a richer picture of partonic structures, and spin-related PDFs, such as helicities and transversities, are defined. Including the information of parton transverse distributions, transverse momentum dependent parton distributions (TMDs) [4] [5] [6] [7] [8] [9] and generalized parton distributions (GPDs) [10] [11] [12] [13] [14] [15] are introduced to provide threedimensional images of hadrons. The TMDs contain transverse momentum distributions of partons, and the GPDs contain transverse coordinate distributions of partons through the impact parameter dependent densities (IPDs). Both of them are useful tools in analying experimental data and understanding the nucleon structures.
As a further generalization, the Wigner distributions are defined as coordinate-momentum joint distributions to understand the partonic structure of a nucleon. The Wigner distribution is a quantum phase-space distribution first introduced by Wigner [16] . It has been applied to many areas of physics, such as the quantum information, quantum molecular dynamics, nonlinear dynamics and optics [17] [18] [19] , and is even directly measurable in some experiments [20] [21] [22] [23] . In QCD, the Wigner distribution was first explored as a six-dimensional function [24, 25] where the nonrelativistic approximation was applied. Then a five-dimensional Wigner distribution is proposed [26] in the light-cone framework or the infinite momentum frame where the parton model is defined. By integrations over transverse coordinates or transverse momentum, the Wigner distributions will reduce to TMDs and IPDs respectively. However, constrained by the Heisenberg uncertainty principle in quantum theories [27] , one cannot know two non-commutable quantities simultaneously. Therefore, we have no probability interpretations for Wigner distributions where the transverse coordinates and transverse momenta do not commute, though one may try to find some certain situations where semiclassical interpretations are possible. Apart from TMDs and IPDs, one can also define mixing distributions by intergrating Wigner distributions over one transverse coordinate and one transverse momentum along two orthogonal directions. The mixing distributions do have the probability interpretations since the remaining transverse coordinate and momentum along two orthogonal directions are commutable. They represent the correlations between transverse coordinate and momentum, and thus the orbital motions of partons can be clearly seen from them.
By combining the polarization configurations (unpolarized, longitudinal polarized and transverse polarized) of the quark and the nucleon, one can define ten independent quark Wigner distributions. In this paper, we investigate all these ten distributions in a light-cone spectator model with both the scalar and the axial-vector spectators included. The Wilson line, i.e. the gauge link, which plays an important role in time-reversal odd TMDs, are taken into account by introducing relative phases to the light-cone amplitudes. This paper is organized as follows. In Sect. II, we derive the light-cone wave functions in the spectator model, and then calculate the Wigner distributions in Sect. III. We provide the numerical results for unpolarized and longitudinal polarized mixing distributions as well as the orbital angular momentum and the spin-orbit correlator in Sect. IV. Some conclusions are drawn in the last section.
II. LIGHT-CONE WAVE FUNCTION IN THE SPECTATOR MODEL
In the front form of relativistic dynamics [28] , fields are quantized at fixed light-cone time τ = (t + z)/ √ 2 instead of the ordinary time t in the instant form. Hadrons, as bound states of QCD, are eigenstates of the light-cone hamiltonian H LC = 2P + P − − P 2 ⊥ , and the eigenvalues are invariant mass square. One of the advantage of light-cone quantization in QCD is the simple vacuum. Since the light-cone longitudinal momentum k + = (k 0 + k 3 )/ √ 2 of massive particles is positive definite, the Fock state vacuum |0 , i.e. the free vacuum, is exactly the physical vacuum, if the possibility of the color-singlet states built on massless gluons with zero momentum is ignored [29] . Thus, one may have unambiguous definition of the constituents of hadrons. Then a hadron state can be expanded on a complete Fock state basis as
where n represents the components of the state, x i and k ⊥i are longitudinal momentum fraction k + i /P + and transverse momentum of the ith constituent, and S z and λ i are light-cone helicities of the hadron and the constituent respectively. The ψ n is the light-cone wave function which describes the probability amplitude of the Fock state |n in a hadron state, and in principle it should be derived from the QCD lagrangian. However, the QCD is not well understood and it is still challenging to derive the wave functions directly from the lagrangian, though in recent years some attempts were proposed to obtain the first approximation of the light-cone wave functions, for instance the AdS/CFT correspondence between the string state in anti de Sitter (AdS) space and conformal field theories (CFTs) in physical spacetime [30] in front form [31] [32] [33] .
In the spectator model, the nucleon is viewed as a struck quark and a spectator which contains the remaining constituents. This model is already applied to investigate the structure functions [34] , form factors [35] [36] [37] , TMDs [38] [39] [40] [41] and GPDs [42, 43] . The amplitudes of the quark-spectator states in a nucleon are described by the light-cone wave functions, but as stated in the first section, we cannot directly derive them from QCD lagrangian at present. Many phenomenological light-cone wave functions for spin average quark-spectator state were explored, such as the Brodsky-Huang-Lepage (BHL) prescription [44] [45] [46] , the Terenev-Karmanov (TK) prescription [47, 48] , the ChungCoester-Polyzou (CCP) prescription [49] and the Vega-Schmidt-Gutsche-Lyubovitskij (VSGL) prescription [50] . Here we introduce an effective quark-spectator-nucleon coupling to derive the probability amplitude perturbatively [38, 41] , and then generalize the form of the wave function by adjusting the power of the energy denominator, i.e. the propagator [51] .
Constained by the quantum numbers of the quark and nucleon, the spectator can be either a scalar or an axialvector, and the axial-vector one is necessary for flavor separation. Therefore, we introduce two effective interaction terms in the lagrangian as
where ψ, Ψ, φ and A µ are quark, nuleon, scalar and axial-vector spectator fields. The g s and g v are coupling constants, and one may also introduce some suitable form factors to them [38, 41] . Then, the amplitude, i.e. the light-cone wave function can be calculated either from Feynman rules as in Fig. 1 or from light-cone time ordered perturbative theory:
where u(k, λ) and U (P, Λ) are Dirac spinors for the quark and the nucleon respectively. For n = 1 case, the amplitudes are derived from perturbative calculations. Then n is introduced to generalize them by adjusting the power behavior [51] . This procedure respects the Lorentz symmetry and it can be induced from a form factor
. According to theoretically inspired phenomenological model counting rules and perturbative analysis for the asymptotic drop off of form factors [53] [54] [55] , it is suggested to set n = 2. Therefore, we only display the light-cone wave functions with n = 2 here, and one can easily write down the expressions with any other n values.
We adopt the Brodsky-Lepage convension [56] for light-cone spinors as
To prepare for the calculations in the next section, we choose the frame as
Then, the light-cone wave functions with scalar spectator are
where
and m, M s and M are the masses of the quark, spectator and nucleon respectively. For the axial-vector spectator, we adopt the transverse polarization vector as
As seen from the explicit expressions of the light-cone wave functions, they only depend on the longitudinal momentum fraction x and the intrinsic transverse momentumk ⊥ = k ⊥ − (1 − x)∆ ⊥ /2 which are boost invariant variables. Therefore, the light-cone wave functions are frame independent.
III. WIGNER DISTRIBUTIONS
In this section, we investigate quark Wigner distributions is the spectator model and the calculations are performed analytically. The numerical results are provided in the next section.
As a quantum phase space distribution first introduce by Wigner [16] , it contains the most general one-body information in a nucleon. Similar as the quark correlation operator, one can define a Hermitian Wigner operator for quarks at fixed light-cone time as [26] 
where y = (0, 0, b ⊥ ) and Γ is a twist-two Dirac γ-matrix γ + , γ + γ 5 or iσ j+ γ 5 which corresponds unpolarized, longitudial polarized and transverse polarized quark respectively. The L is the gauge link connecting quark fields at two points y − z/2 and y + z/2 to ensure the SU(3) color gauge invariance of the Wigner operator. The Wilson line, i.e. the gauge link, plays an important role in studying the time-reversal odd TMDs [39, 57] . The path of the gauge link is chosen as
in order to obtain the appropriate Wilson line when taking the TMD and IPD limits. By interpolating the Wigner operator (30) into initial and final nucleon state with a momentum ∆ ⊥ transferred, one can define the Wigner distribution as
and S is the spin of the nucleon. With the combination of the polarization configurations, unpolarized (U), longitudinal polarized (L) and transverse polartized (T), of the quark and the nucleon, we can define ten independent Wigner distributions: the unpolarized Wigner distribution
the unpol-longitudial Wigner distribution
the unpol-transverse Wigner distribution
the longi-unpolarized Wigner distribution
the longitudinal Wigner distribution
the longi-transverse Wigner distribution
the trans-unpolarized Wigner distribution
the trans-longitudinal Wigner distribution
the transverse Wigner distribution
and the pretzelous Wigner distribution
The last one is named after the pretzelosity TMD to describe the situation that the quark and nucleon are polarized along two orthogonal transverse directions.
Wigner distributions have direction connection to the generalized parton correlation functions (GPCFs) [58, 59] which parametrize the fully unintegrated off-diagonal quark-quark correlator. After the integration over the lightcone energy, one obtains the generalized transverse momentum depencent parton distributions (GTMDs), and Wigner distributions can be viewed as transverse Fourier transformation of GTMDs. Unlike the GTMDs which in general are complex-valued functions, Wigner distributions are always real-valued functions. Constrained by the Heisenberg uncertainty principle [27] , we have no probability interpretations for Wigner distributions, though one may still try to find certain situations to have semiclassical interpretations. However, apart from TMDs and IPDs which can be obtained by integrations of Wigner distributions over transverse coordinates and transverse momenta respectively, one can define the mixing distributions which also have probability interpretations by integrating over a transverse coordinate and a transverse momentum along two orthogonal directions:
Since the mixing distributions represent the correlation between transverse coordinate and transverse momentum, quark orbital motions are clearly seen from them.
To calculate the distributions, we use the light-cone wave functions derived in Sect. II. The gauge links are taken into account by introducing a phase to each light-cone amplitude [39] as
and the phases are estimated from one gluon exchange interactions as in Fig. 1 . The gluon spectator coupling vertices are chosen as
where e c is the color charge, and κ is the anomalous chromomagnetic moment [41, 60] . With explicit calculations, we find that each of the phase ϕ is infrared divergent, but the differences between them are infrared finite. Then we remove a infrared divergent phase and keep the finite relative phases as
Here we display the relative phases for n = 2 case.
where C F is the color factor, α S is the strong coupling constant andk ⊥ is the intrinsic transverse momentum which is k ⊥ − (1 − x)∆ ⊥ /2 for the initial state and k ⊥ + (1 − x)∆ ⊥ /2 for the final state.
With Eqs. (49)- (54), we can calculate all the distributions. For the scalar spectator,
The subscripts f and i represent final state and initial state respectively. Some relations between these distributions can be found from the expressions Eqs. (55)- (64):
For the axial-vector spectator,
where the denominator
As seen from the expressions Eqs. (70)- (79), the relations found in the scalar spectator case (66)- (69) are violated in the axial-vector case. If only the transverse polariations of the axial-vector spectator are taken into account, we will still have a relation between unpol-longitudinal and longi-unpolarized distributions but with an opposite sign to the one with scalar spectator:
With the longi-unpolarized and unpol-longitudinal Wigner distributions, one can define the x dependent orbital angular momentum ℓ z (x) and spin-orbit correlator C z (x) as
Substituting the corresponding distributions with Eqs. (56), (57), (71) and (72), we get the expressions of the orbital angular momentum and spin-orbit correlator as
IV. NUMERICAL RESULTS
In this section, we provide the numerical results of quark mixing distributions which reflect quark orbital motions in the proton. For simplicity we only present the mixing distributions without transverse polarizations, and with the parameters and expressions one may easily get the numerical results with transverse polarizations if needed. In our model calculations, the masses m, M s/v and M and the couplings g s and g v can be viewed as parameters to be fixed. One may also introduce some cutoff parameter Λ to replace the quark mass m in the denominators of light-cone wave functions. In this way, one will find the light-cone wave functions in [38] where the quark propagators are replaced by a dipole form factor with a cutoff mass Λ, and the corresponding expressions calculated in Sect. III are directly obtained by replacing the quark mass in the denominators in Eqs. (55)- (64) and (70)- (79) with the cutoff mass Λ. In this study, we will not do this replacement.
In principle, the spectator mass square M 2 d has a spectrum. One may assume the shape of the spectrum or extract it from experimental data, but here we simply choose it as a parameter and fit it together with the quark mass parameter m to the electomagnetic form factors. For the nucleon mass M , we adopt the value of proton mass in Ref. [72] . Then the coupling constants g s and g v are fixed by the quark number sum rules:
With the light-cone wave functions, we can calculate Dirac and Pauli form factors from helicity-conserved and helicity-flip matrix elements of the plus component of the electromagnetic current operator [73] :
where As observed from the unpolarized mixing distributionsρ UU in Fig. 3 , the left-right and top-bottom symmetries reflect that quarks have no preference to move either clockwise or anticlockwise at each point in coordinate and momentum spaces. This is consistent with the conclusion from the topology, because any preference will result in a privileged direction which breaks the isotropic property of the space.
As observed from the longi-unpolarized mixing distributionsρ LU which represent the quark orbital motions in a longitudinal polarized proton in Fig. 5 , we find that at small x region both u and d quarks prefer moving anticlockwise and contribute positive orbital angular momentum, but at large x region the d quark distribution has a sign change and contribute negative orbital angular momentum. This is also observed in Fig. 7 .
The unpol-longitudinal mixing distributionsρ UL represent the correlation between the quark spins and orbital motions. As observed in Fig. 4 , both u and d quarks prefer moving clockwise which means negative correlations between quark spins and orbital motions. However, this does not necessarily result in opposite signs of the quark spin and the orbital angular momentum. We take the scalar spectator case as an example. In a positive polarized proton, we have two quark-scalar-spectator spin states. One has a positive polarized quark with zero orbital angular momentum and has no contributions to the spin-orbit correlator. The other one has a negative polarized quark with positive orbital angular momentum and has negative contributions to the spin-orbit correlator. Thus, if the first one plays a dominant role, we will find both positive quark spin and positive orbital angular momentum but negative spin-orbit correlator in average.
V. CONCLUSIONS
We investigated quark Wigner distributions in a spectator model. With the combinations of the polarization configurations of the quark and the nucleon, ten independent Wigner distributions are defined. We calculated all these distributions in the model with both the scalar and the axial-vector spectators. In our calculations, we derived the light-cone wave functions with effective quark-spectator-nucleon interactions, and then generalized the perturbative amplitudes by adjusting the power of the energy denominators. In this procedure, we respected the Lorentz invariance, and as seen from the explicit expressions, they are frame independent.
In order to include the effects of the gauge link in Wigner operator, we introduced a phase to each light-cone amplitude. We estimated the phases from the one gluon exchange interactions. Though each of them is infrared divergent, the differences between them are infrared finite, and so we only keep the relative phases. Then, we calculated all the Wigner distributions with the light-cone wave functions and the relative phases from the gauge link. Some relations are found from the expressions of the distributions. By integrating over transverse coordinates or transverse momenta, they will reduce to the relations between TMDs or IPDs. We also calculated the orbital angular momentum ℓ z and C z defined in the literature [26] , and kept the longitudinal momentum fraction unintegrated to represent their x dependence.
Apart from TMDs and IPDs, one may also define the mixing distributions by integrations over one transverse coordinate and one transverse momentum along two orthogonal directions. Unlike the Wigner distributions, the mixing distributions have the probability interpretations and describe the correlation between quark transverse coordinate and transverse momentum. Therefore, quark orbital motions are clearly seen from mixing distributions. The parameters were fitted from the electromagnetic form factors. We only provided the numerical results of the mixing distributions for unpolarized and longitudinal polarized quark or proton, but with the values of parameters and expressions of Wigner distributions one may easily get the results for transverse polarized quark or proton. In a polarized proton, both u quark and d quark prefer moving anticlockwise and contribute positive orbital angular momentum, but at large x region a sign change was observed for the d quark orbital motions.
